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Market Efficiency, the Pareto Wealth Distribution,

and the Lévy Distribution of Stock Returns

Abstract

The Pareto (power-law) wealth distribution, which is empirically observed in

many countries, implies rather extreme wealth inequality. For instance, in the U.S. the

top 1% of the population holds about 40% of the total wealth. What is the source of

this inequality? The answer to this question has profound political, social, and

philosophical implications. We show that the Pareto wealth distribution is a robust

consequence of a fundamental property of the capital investment process: it is a

stochastic  multiplicative process. Moreover, the Pareto distribution implies that

inequality is driven primarily by chance, rather than by differential investment ability.

This result is closely related to the concept of market efficiency, and may have direct

implications regarding the economic role and social desirability of wealth inequality.

We also show that the Pareto wealth distribution may explain the Lévy distribution of

stock returns, which has puzzled researchers for many years. Thus, the Pareto wealth

distribution, market efficiency, and the Lévy distribution of stock returns are all

closely linked.

Keywords: wealth distribution, inequality, Pareto, market efficiency, distribution of
stock returns.

JEL Classification: D31, E44, G10.
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1. Introduction

In this study we focus on three seemingly unrelated issues: a) the distribution

of wealth and wealth inequality, b) market efficiency: do some investors have stock

selection or market “timing” ability, or is success and failure in capital investments

primarily due to chance? c) the distribution of stock returns, and in particular, the “fat

tailed” Lévy distribution observed by Mandelbrot [1963],  and recently precisely

measured by Mantegna and Stanley [1995] and others.  We show in this paper that

although it seems that these are three unrelated research topics (the first in economics,

and the other two in finance), they are, in fact, very closely related.

The Pareto wealth distribution is shown to be a robust consequence of the

stochastic multiplicative nature of the investment process. However, we find that the

Pareto distribution can occur only if the market is efficient – which implies that

success and failure in investments is primarily due to chance. Thus, it is chance, rather

than differential investment ability, which drives the Pareto wealth distribution and

the rather extreme inequality which it implies. Furthermore, the Pareto wealth

distribution can explain the (truncated) Lévy distribution of stock returns. The

mechanism we suggest implies a surprising and empirically testable prediction: the

exponent of the Lévy return distribution should be equal to the Pareto constant.

Cross-country empirical investigation reveals striking agreement between these two

a-priori  unrelated parameters: U.S.: αL = 1.37, αw = 1.35; U.K.: αL = 1.08, αw=1.06;

France: αL = 1.82, αw = 1.83, where αL is the Lévy characteristic exponent and αw is

the Pareto constant. Thus, the Pareto wealth distribution, market efficiency, and the

Lévy distribution of stock returns, are all tightly linked.
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When examining the wealth distribution in society one typically finds two

distinct regions. At the lower-wealth range the distribution of wealth can be

approximated by the log-normal distribution. At the high-wealth range the distribution

is described by the Pareto distribution (see, for example,  Stiendl [1965]). In this

paper we focus on the Pareto distribution which characterizes the high-wealth range.

This range is extremely important because, although it accounts for a relatively small

part of the population (typically about 5%), it accounts for most of the wealth1. In

addition, when considering wealth accumulation through capital investments, it is the

high-wealth range which is relevant to the analysis.2

A century ago Pareto [1897] discovered that at the high wealth range, wealth

(and also income) are distributed according to a power-law distribution. The parameters

of this distribution may change across societies, but regardless of the social or political

conditions, taxation, etc., Pareto claimed that the wealth distribution obeys this general

distribution law, which became known as the Pareto distribution or Pareto law. The

Pareto distribution is given by the following probability density function:

                                                
 1According to Wolff [1995] the top 1% of the population in the U.S. holds more than 40% of the total
wealth. Díaz-Giménez, Quadrini, and Ríos-Rull [1997] report that the top 5% of the population holds
55% of the wealth.

 
2Several researchers employ neoclassical growth models with uninsurable idiosyncratic earning shocks

in order to explain the entire empirically observed wealth and income distributions (see Auerbach and
Kotlikoff [1987], Aiyagari [1994], Ríos-Rull [1995],  Huggett [1996],  Krusell and Smith [1996], and
Castaneda, Díaz-Giménez and Ríos-Rull [1997] ). This is a formidable task as it aims to explain the
distribution both at the high-wealth range and the low-wealth range with a single model. This is
difficult because the main factors influencing the wealth of a person at the lower range are usually
labor income and consumption, while the wealth of individuals in the high-wealth range typically
changes mainly due to capital investments. Indeed, as Quadrini and Ríos-Rull [1997] report, these
models typically produce distributions of wealth which differ significantly from the empirical U.S.
wealth distribution. Regarding the fit of income distributions to the Pareto distribution Blinder [1974]
asserts:
�It may well be no accident that the upper tails of almost all income distributions, where returns to
capital dominate and earnings play a minor role, exhibit a striking resemblance to the Pareto
distribution� (pp. 7-8).
Here we focus only on capital investments and on the high-wealth range.
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)1(CW)W(P α+−=          for 0WW ≥ (1)

where W stands for wealth, P(W) is the density function, W0 is the lower end of the

high wealth range, and C is a normalization constant, and α is known as the Pareto

constant.

Pareto's finding has been shown in numerous studies to provide an excellent fit to

the empirical wealth distribution in various countries (see, for example, Steindl

[1965], Atkinson and Harrison [1978], Persky [1992], Levy and Solomon [1997]).

Several researchers claim that the Pareto law is very universal. Davis [1941] argues

that:

No one however, has yet exhibited a stable social order, ancient or modern, which

has not followed the Pareto pattern at least approximately. (p. 395)

Snyder [1939] writes:

Pareto�s curve is destined to take its place as one of the great generalizations of

human knowledge

Several examples of the fit of the Pareto law to the empirical wealth distribution  are

provided by Figures 8-10, which depict the wealth distribution in France, the U.K.

and the U.S. These figures are discussed in detail in section 5.

The first to suggest an explanation for the Pareto distribution of wealth was

Pareto himself (Pareto [1906]). Pareto suggested that the distribution of wealth

corresponds to an underlying distribution of human abilities. However, Pareto has not

offered a mathematical model that would explain the distribution of abilities and its

relation to the Pareto law. Pareto's explanation  was advanced by Davis who

introduced the "law of the distribution of special abilities" which asserts that the

probability of an additional unit of ability was independent of the level of ability

(Davis [1941]). This model, however, leads to a normal distribution of ability and
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therefore  presumably to a normal, rather than Pareto, distribution of wealth. A

different model for the distribution of ability was formulated by Boissevain [1939]

who considered the distribution of abilities that could be represented as a product of

several factors, each of which follows a binomial distribution. Boissevain's model

explains the positive skewness in the distributions of wealth and income, but leads to

a log-normal distribution, not the empirically observed Pareto distribution.

The main models that offer an explanation for the precise form of the Pareto

wealth distribution are the Markov chain model of Champernowne [1953], the stream

model of Simon [1955] and the birth-and-death model of Wold and Whittle [1957].3

Although these models are quite different from each other and make various different

assumptions, in all of these models the wealth accumulation process is a stochastic

multiplicative process. A stochastic multiplicative process is a process in which the

value of each element is multiplied by a random variable with each time step. Many

economic processes, and in particular the accumulation of wealth via investment of

capital, are stochastic and multiplicative by  nature. For example, if a person invests

her money in a portfolio which yields 10% with probability 1/2 and -5% with

probability 1/2 each year, her wealth will follow a stochastic multiplicative process.

The main difference between multiplicative and additive processes is that in additive

processes (such as random walks) the changes in value are independent of the value,

whereas in multiplicative processes the changes are proportional to the value.

In this paper we argue that the multiplicative nature of the capital investment

process is the reason for the empirically observed Pareto wealth distribution. Indeed,

starting with an arbitrary non-degenerate initial wealth distribution, any process which

                                                
 3For a review of models  generating Pareto distributions see Steindl [1965], Arnold [1983], and Slottje
[1989].  
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is stochastically    multiplicative   and   homogeneous    leads    to   the    Pareto    law.

The homogeneity of the process    in    essence     means that individuals do not posses
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differential investment abilities and cannot “beat the market”. This idea is closely

related to the  concept  of  market  efficiency:  in an  efficient  market  one  would  not

expect to find  investors who consistently outperform their peers. We show that

non-homogeneous multiplicative processes lead to a wealth distribution which is

different from the Pareto distribution. Thus, the Pareto distribution implies market

efficiency. Our analysis leads us to conclude that the extreme inequality in modern

western society is a very fundamental and robust outcome of the nature of the capital

investment process. Furthermore, this inequality is driven primarily by chance, rather

than by differential ability.

The structure of this paper is as follows. In section 2 we present the framework

of  stochastically multiplicative investment processes. We prove that homogeneous

processes lead to the Pareto wealth distribution, and to the extreme inequality which it

implies. In section 3 we discuss non-homogeneous processes and show that they lead to

wealth distributions different than the Pareto distribution. This section reveals that the

Pareto distribution is closely related to market efficiency, and puts an upper bound on the

degree of market inefficiency. In section 4 we show that the Lévy distribution of stock

returns can be explained by the Pareto wealth distribution. The theoretical prediction

resulting from this analysis is empirically tested in section5. Section 6 concludes.  

2. Stochastic Multiplicative Processes

A stochastic multiplicative wealth accumulation process is given by:

t
i

t
i

1t
i

~WW λ=+ (2)

where t
iW  is the wealth of investor i at time t and t

i

~λ  represents the stochastic return,

which is a random variable drawn from some distribution gi( λ~ ). Generally, each

investor may have a different distribution of returns on his investment, hence the

sub-index i in gi( λ~ ).
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For people at the high-wealth range, changes in wealth are mainly due to

financial investment, and are therefore typically multiplicative. For people at the

lower wealth range, changes in wealth are mainly due to labor income and

consumption, which are basically additive rather than multiplicative. Here we are only

interested in modeling wealth dynamics in the high-wealth range. There are many

ways one could model the boundary between these two regions. We start by

considering the most simple model in which there is a sharp boundary between the

two regions. The specific modeling of the boundary does not change our general

results. As the stochastic multiplicative process (eq.(2)) describes the dynamics only

at the higher wealth range, we introduce a threshold wealth level, W0, above which

the dynamics are multiplicative. We assume that only those people with wealth

exceeding W0 participate in the stochastic multiplicative investment process.

Formally, we  require that:

0
t

i WW ≥      for all i, and for all t. (3)

In the case that there is an overall drift towards lower wealth values (as in

Champernowne [1953]) one can define the lower bound W0 in absolute terms. In

general, however, we would expect the drift to be towards higher wealth values (as

when there is inflation or a growing economy, for example). In this case, an absolute

lower bound value becomes meaningless, and one has to define the lower bound in

real terms. A natural way to define the lower bound is in terms of the average wealth.

We define the lower bound, W0, as ,W
N
1W

N

1i

t
i0 ∑

=

ω=  where N  is the number of

investors and  ω is a threshold given in absolute terms (ω<1).

As people's wealth changes, they may cross the boundary between the upper

and lower wealth regions. We do not model the dynamics at the lower wealth range,
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and for the sake of simplicity, we assume that the market has reached an equilibrium

in which the flow of people across the boundary is equal in both directions, i.e. the

number of people participating at the stochastic multiplicative investment process

remains constant. The above assumption simplifies the analysis, but the results

presented here are robust to the relaxation of this assumption.

In  a homogeneous process all investors face the same  return distribution i.e. :

t
i

t
i

1t
i

~WW λ=+   , 0
t

i WW ≥ ,     and  )~(g)~(gi λ=λ    for all investors i.            (4)

Note that although all investors face the same  return distribution )~(g λ , λ~  is drawn

separately for each investor. One way to think of this, is to think of investors who

have the same objective but have different expectations, and therefore hold different

portfolios. At each period every investor will have a different realized return, but if all

investors have the same stock-picking and market-timing abilities, none of them

achieves a return distribution better than the others’, and they draw their returns from

the same distribution (see also footnote 8). A "lucky" investor is one for which many

high values of λ are drawn. Such a lucky investor will become richer than others.

Note that in the homogeneous case investors face the same distribution of  returns,

and thus the differentiation  in wealth is entirely due to chance.

The next theorem shows that the Pareto wealth distribution is a very robust

result of homogeneous multiplicative processes.

Theorem 1

For any initial wealth distribution and non-trivial return distribution (Var(λ)>0), the

wealth accumulation process given by eq.(4) leads to a convergence of the wealth

distribution to the Pareto distribution.
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Proof:

Denote the cumulative wealth distribution at time t and at time t+1 by )t,W(F  and

)1t,W(F + , respectively. Then, because the wealth of the ith  investor changes from

t
iW  at time t to t

i
t

i
~W λ at time t+1, i.e. t

i
t

i
1t

i
~WW λ=+  (see eq.(1)), the cumulative wealth

distribution at t+1 is given by:

λλ
λ

=+ ∫
+∞

d)(g)t,W(F)1t,W(F
0

(5)

where  all  values  of λ  such  that  the  wealth  at t+1 is equal to WW =λ
λ

 are

accounted  for4.

 Equation (5) describes a process in which the probability )W(F  at time t+1 is

a weighted average of the probability at points surrounding W (points 
λ
W ) at time t.

Thus, starting from an arbitrary probability density, )0,W(F , the distribution )W(F

undergoes a continuous “smoothing” process. In the presence of an effective lower

bound on wealth ( 0
t

i WW ≥ ), this smoothing process is analogues to diffusion

towards a barrier (see Levy and Solomon [1996]). Such a process is well-known to

lead to the convergence of )W(F  to a stationary distribution (Boltzmann [1964],

Feynman, Leighton, and Sands [1964]).  For the limiting stationary wealth

distribution we have )W(F)t,W(F)1t,W(F ==+  and eq.(5) becomes:

λλ∫ λ
=

+∞

d)(g)W(F)W(F
0

. (6)

Differentiating with respect to W  we obtain the density function:

                                                
 4 As λ~ represents the total return on capital investment, it can not be less than 0 (which corresponds to

  a rate of return of –100%).
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λλ
λλ

= ∫
+∞

d)(g1)W(f)W(f
0

. (7)

In order to show that the Pareto distribution is a solution to eq.(7), substitute the

Pareto probability density function (eq.(1)) for )W(f in eq.(7) to obtain:

λλλα=λλ
λλ

α=α
∫∫

+∞
α

+α

α+∞

+α

α

+α

α

d)(g
W

kd)(g1
)/W(

k
W

k

0
1

0
11 . (8)

Thus, it is evident that the Pareto distribution with α  satisfying 1d)(g
0

=λλ∫λ
+∞

α  is a

solution to eq(6). The Pareto distribution is also the unique positive solution to (6)

because the only positive g-harmonic functions on ℜ  are exponentials  (see  Choquet

[1960], Loomis [1962], and  Furstenberg [1965], Theorem B, p.291). 5             Q.E.D.

Theorem 1 shows that the Pareto distribution is a limit distribution of

homogeneous stochastic multiplicative wealth accumulation processes, as given by

eq.(4). We would like to emphasize that the analysis is quite general and does not rely

on any specific form of the  return distribution )(g λ , as long as this distribution is

non-trivial.

Monte Carlo simulations of the homogeneous multiplicative wealth

accumulation process illustrate the result of Theorem 1, and provide an estimate of the

time it takes the wealth distribution to converge to the Pareto distribution. We have

conducted simulations in which all investors start out with an identical initial wealth

level of $100,000. The return distribution )~(g λ   is taken as:

                                                
5 Notice that the results of Champernowne [1953] and Wold and Whittle [1957] can be viewed as
special cases of Theorem 1. The theorem is also closely related to Kesten [1973] who investigates
processes of the type t

i
t

i
t
i

1t
i

~~xx ε+λ=+ , which are similar to eq.(1), with the additive random variable
t
i

~ε  replacing the role of the lower bound. Recently, Gabaix [1999] employs similar arguments to
explain Zipf’s [1949] Law for the distribution of city sizes.  
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λ probability

1.10        ½

0.95          ½

i.e. at every time period each investor has an equal probability to gain 10% or to lose

5%. The lower wealth bound (W0) is set to  20% of the  average wealth. We have

recorded the distribution of wealth at different times. The results are shown in Figure

1, which is a two-way logarithmic plot of the probability density as a function of

wealth (in units of the average wealth). The dashed vertical line at 0.2 represents the

minimal wealth threshold W0.  Note that the theoretical Pareto distribution (eq.(1)) is

a power-law distribution, and it is therefore linear when plotted on a

double-logarithmic scale.6 The distribution after 10 investment periods (Figure 1a) is

still rather symmetric, and centered around the average wealth (1.0 on the horizontal

axis). However, after 100 time periods the wealth distribution is very close to the

Pareto distribution (Figure 1b). The distribution remains Paretian from then on7.

Figure 1c shows the wealth distribution after 10,000 time periods.

 (Insert Figure 1 About Here)

The homogeneity of the process ( )(gi λ = )(g λ  for all i) implies an efficient

market: no investor is able to achieve a superior distribution of returns which

dominates )(g λ . In the next section we show that this is indeed a necessary condition

for the emergence of a Pareto distribution8. If the market is inefficient and

                                                
 6Take the logarithm of both sides of eq.(1) to obtain: ]Wlog[)1(]Clog[)]W(Plog[ α−−= .
 7The slope of the line in Figures 2b and 2c is –2.25, which implies 1+ α =2.25 or α =1.25. This value
is typical of western countries, and it is between the value of α  in the U.K. (1.06) and the value of α
in the U.S. (1.35), (see section 5).  
 8Market efficiency is necessary, but not sufficient. Even if all investors have similar investment talent
they may still have different distributions of returns, due to different attitudes towards risk. However, if
investors have long horizons (which seems reasonable for the high-wealth range), then under mild
assumptions  regarding preferences, they should all seek to find the investment which maximizes the
geometric mean (see Latané [1959], Markowitz [1976], and Leshno and Levy [1997]). If this is the
case, they have the same goal, and in an efficient market they are likely to draw returns from similar
distributions.
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)(g)(g ji λ≠λ a wealth distribution which is different than the Pareto distribution

emerges.

3. Non-Homogeneous Multiplicative Processes and Market Efficiency

As a first step toward the analysis of the general heterogeneous model

( )(g)(g ji λ≠λ ), we analyze the case of two sub-populations. Consider a market in

which some of the population has “normal” investment skills and faces the return

distribution gnormal )~(λ , while a minority of “smart” investors are able to take

advantage of market inefficiencies and to obtain the superior distribution gsmart )~(λ ,

such that  )g()g( normalsmart σ=σ   and  )g(E)g(E normalsmart > . The resulting wealth

distribution will be different from the Pareto distribution, as the Theorem below

shows.

Theorem 2:

In the case of two different sub-populations, as described above, the wealth

distribution converges to a distribution which does not conform with the Pareto Law.

Proof:

Over time the "smart" investors become on average richer than the "normal"

investors. As the "normal" investors become relatively poorer, more and more of them

will cross the lower wealth threshold, W0, and will exit the market. One might suspect

that in the long run the "normal" population will be completely wiped out. However,

recall that there is an inflow of investors into the market. This is an inflow of

investors from below the threshold who have acquired enough wealth in order to

participate in the investment process. (We do not model the process of wealth

accumulation below the threshold, but assume that the market is in  a steady state in

which the inflow of new investors balances the outflow of investors leaving the

market. This assumption simplifies the analysis but is not essential to our results.)

                                                                                                                                            



 15

Some of the new investors entering the market are of the "normal" type9. As the

number of "normal" investors declines, so does their proportion in the outflow from

the market. Eventually, a balance is reached when the outflow of investors of each

type matches the inflow of that  type, and the size of each subgroup  converges to a

certain (mean) value.

As the population of each subgroup is homogeneous, the wealth distribution of

each subgroup is subject to the dynamics described by equation (4).10  From the result

of Theorem 1 it follows that  the wealth of each subgroup will be divided between the

members of that subgroup according to the Pareto distribution. Thus, the wealth

distribution among "normal" investors is:

)1(
normalnormal

normalWC)W(P α+−=  , (9)

and the wealth distribution among "smart" investors is:

)1(
smartsmart

smartWC)W(P α+−= .            (10)

Both distributions are Paretian, but with different parameters C and α. As the average

wealth of the smart population is greater than the average wealth of the normal

                                                
 9One can think of different ways in which to compose the population of new investors: a) for each
investor exiting the market an investor of the same type enters. b) each new investor has a certain
probability p for being "smart" and  probability (1-p) of being "normal".  The choice between the above
two alternatives, and the value of the probability p, may change the specific parameters of the steady
state wealth distribution, but not it's essential features, as described below.

 10The interaction between the different subgroups is only through the lower bound W0, which depends
on the average wealth of all investors in the market.



 16

population, we will have normalsmart α<α .11  The aggregate distribution of wealth is

given by:

)1(
2

)1(
1

smartnormal WCWC)W(P α+−α+− +=  ,            (11)

which is not a Pareto distribution12,13.    Q.E.D.

The result of Theorem 2 can be directly generalized to the case of many

sub-populations: in this case the wealth distribution within each sub-population

follows the Pareto Law, but as each sub-population is characterized by a different

parameter α  , the aggregate distribution is not Paretian.

Monte Carlo simulations can help illustrate the result of Theorem 2, and

confirm that this result holds for the general case of many sub-populations. Figure 2

shows   the   wealth   distribution  in  the  two-population  case,   where  the  “normal”

                                                
 11The lower the value of the exponent α  of the Pareto distribution, the higher the average wealth. α−
is the slope of the distribution function on the double-logarithmic scale. It is therefore intuitively clear
that the more moderate the slope (smaller α )  the more weight is given to higher wealth states.
Formally:

α−
+∞

α+−
+∞

−α
=== ∫∫ 1

0
W

)1(

W

W
)1(

CWdWWCWdW)W(P)W(E
00

.

(We assume  α > 1, otherwise  E(W) is infinite. Empirical values of  α are typically in the range

1.2-1.6) . From the normalization condition ∫
+∞

=
0W

1dW)W(P  we obtain αα= 0WC .    Substituting in

the above equation we obtain :

)1(
W)W(E 0 −α

α=  ,

which is a monotonically decreasing function of α  .

12C1 and C2  replace Cnormal and Csmart because the  normalization constraints have changed,

and depend on the relative proportions of the two subgroups, i.e.: normal
normal

1 C
N

NC = ;

smart
smart

2 C
N

N
C = .

 13The wealth distribution given in eq.(11) is asymptotically Paretian, i.e. as ∞→W
)1(

2
smartWC)W(P α+−≈ . Thus, it is approximately Paretian in the wealth range where the investor

population is homogeneous (in the range where all the investors are “smart”). Hence, if we empirically
observe that the wealth distribution is closely approximated by the Pareto distribution for the top 5% of
the population, we may conclude that among these top 5% investment ability is homogeneous.
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population faces the return process:

λ probability

gnormal )~(λ : 1.10        ½

0.95          ½

while  the “smart” investors face the following superior return process:

λ probability

gsmart )~(λ : 1.11        ½

0.96          ½

Figure 2 shows that although the distribution of wealth within each

sub-population follows the Pareto law (αnormal = 1.67, αsmart = 0.63), the aggregate

distribution (solid line) does not. This is evident from the convexity of the aggregate

distribution, while a Pareto distribution should be linear on a double-logarithmic scale

(see footnote 6). The same convex pattern, which contradicts the Pareto distribution,

is also obtained in the general case with many investor sub-populations. Figure 3

depicts the steady-state wealth distribution in  a  market in which each investor faces a

different  return distribution. For all investors the return distribution )~(gi λ  is taken as

a normal distribution with a standard deviation of 20%. However, the mean of the

distribution )~(gi λ ,  iµ , is different for each investor. We assume that µ  is distributed

normally in the population with a mean value of 10%  and a standard deviation of 2%.

Even though the distribution of talent is rather narrow (for 85% of the investors iµ  is

in the range 8%-12%), the resulting distribution of wealth is clearly different than the

Pareto distribution (see Figure 3). The Kolmogorov-Smirnov goodness-of-fit test

confirms that one can safely reject the hypothesis that the generated distribution is

Paretian. Comparing the cumulative distributions of the sample distribution with the

best fit Pareto distribution (with 1000 investors) we obtain a D value of 0.310, which
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is much larger than the critical D value of 0.052 ( 1000/63.1= ) needed in order to

reject the hypothesis that the distribution is Paretian at a 99% confidence level.

(Insert Figures 2 and 3 About Here)

While the Pareto wealth distribution cannot precisely hold in an inefficient

market with differential investment ability, it can be consistent with some degree of

market inefficiency (and differential investment ability) in the sense that the Pareto

distribution cannot be statistically rejected. Levy and Levy [2001] employ numerical

analysis to show that the Pareto distribution cannot be statistically rejected if the

annual average return across different investor subgroups is within approximately 1%.

Thus, the empirically observed wealth distribution, which is very close to a Pareto

distribution, does not imply a perfectly efficient market, but it does impose a rather

tight upper bound on market inefficiency.

4. The Pareto Wealth distribution and the Lévy distribution of Stock Returns

In this section we suggest that the Pareto wealth distribution can explain the Lévy

distribution of short-term stock returns. We proceed with a brief review of the

distribution of short-term stock returns. Our theoretical result regarding the

distribution of stock returns and its relation to the wealth distribution is given in

Theorem 3. This result has a surprising and testable prediction, which we empirically

investigate in section 5.

4.1   The Lévy Distribution of Stock Returns � Review

It has been long known that the distributions of returns on stocks, especially

when calculated for short time intervals, are not fitted well by  the normal distribution.

Rather, the distributions of stock returns are leptokurtic, or "fat tailed". Mandelbrot

[1963a, 1963b] proposed an exact functional form for return distributions. To be
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specific, he has suggested that log-returns are distributed according to the symmetrical

Lévy   probability distribution defined by:

∫
∞

αγ
α ∆γ−

π
≡

0

dq)qxcos()qtexp(1)x(L L

L
           (12)

where  )x(L
L

γ
α  is the Lévy probability density function at x, αL is the characteristic

exponent of the distribution,  γ∆t  is a general scale factor, γ is  the scale factor for

∆t=1, and  q is an integration variable (for this formulation of the Lévy distribution

see, for example, Mantegna and Stanley [1995])14.

Mandelbrot's pioneering work gained enthusiastic support in the first few

years after it's publication.15 Subsequent works, however, have questioned the Lévy

distribution hypothesis ( Hsu, Miller and Wichern [1974], Joyce, Brorsen and Irwin

[1989]), and this hypothesis has temporarily lost favor. In the 90's the Lévy

distribution hypothesis has made a dramatic comeback. Recent extensive analysis of

short-term returns has shown that price differences, log-returns, and rates of return16

are described extremely well by a truncated Lévy distribution. This is not a sharp

truncation in the usual mathematical sense, but rather, it describes a smooth fall-off of

the empirical distribution from the Lévy distribution at some value, (for a general

picture of the empirical short-term rate of return distribution, see Figure 5). Mantegna

                                                
 14This distribution is also known as the "stable-Paretian" distribution. In order to avoid confusion, we
will use only the term  "Lévy distribution" throughout this paper.

 15 See Fama [1963a], Fama [1963b], Fama [1965a], Teichmoeller [1971], and Officer [1972]. Roll
[1968] extended the analysis from stocks to Treasury Bills. Fama and Roll [1968, 1971] developed
methodologies in  order to estimate the parameters of the Lévy distribution. Efficient portfolio selection
in a market with Lévy distributions was analyzed by Fama [1965b] and Samuelson [1967].

 16Some studies examine the distribution of price differences, some of log-returns, and some
of rates of return. As the focus is on short time intervals (a few seconds to a few days) all of
the above are very closely related. See also the discussion in Appendix A.
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and Stanley [1995] analyze tick-by-tick data on the S&P 500 index and find excellent

agreement with a Lévy distribution up to six standard deviations away from the mean

(in both directions). For more extreme observations, the distribution they find falls off

faster than the Lévy distribution17. Similar results have been found in the examination

of the Milan stock exchange (Mantegna [1991]), the CAC40 index (Zajdenweber

[1994]), individual French stocks (Belkacem [1996]), and foreign exchange markets

(Pictet and Muller [1995], Guillaume et al. [1997], and Cont, Potters and Bouchaud

[1997]).

The revival of the (truncated) Lévy distribution awakens an old question: Why

are returns distributed in this very specific way? Below we suggest that the answer

may lie with the Pareto distribution of wealth.

4.2  The Pareto Wealth Distribution and the Lévy Return Distribution

The Levy distribution describes the distribution of returns in the short-term.

We therefore  formulate the framework of our analysis in terms of the most

“atomistic” return – a single trade return. Theorem 3 below shows that if investors’

wealth is distributed according to the Pareto distribution, and if the effect of an

investor’s trade on the stock price is proportional (in a stochastic sense) to the

investor’s wealth, the short-term returns will be distributed according to the Lévy

distribution. The assumption of proportionality between the investor’s wealth and the

price impact of the investor’s trade seems natural: it is  intuitive  that  the  actions  of

an  investor  with  $100 million will, on average, affect prices roughly 10 times as

much as the actions of a similar investor with  only   $10 million.  This  is also

consistent    with    models  of   constant   relative   risk  aversion,   which  imply   that

                                                
 17Several authors investigate this fall-off, and find it to be approximated by a power-law with an
exponent in the range 2-5 (see Jansen and de Vries [1991], Longin [1996], Gopikrishnan, Meyer,
Amaral and Stanley [1998], Stanley et al. [1999], and Cont [2001]).  
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investors make decisions regarding proportions of their wealth (see, for example,

Levy and Markowitz [1979], Samuelson [1989]), and with the finding that the price

impact of a trade is roughly proportional to the volume of the trade, especially for

high volume trades (see Figure 4 in Hausman, Lo and MacKinlay, [1992]). To be

more specific, if investors make decisions regarding proportions of their wealth, then

the volume of a trade is (stochastically)  proportional to the investor's wealth. If the

effect of the trade on the price is proportional to the volume of the trade (as implied

by market clearance in most models, and as documented by Lo and Mackinlay),  then

the effect that an investor's trade has on the price is (stochastically) proportional to the

investor's wealth. We should stress we do not make any assumptions regarding the

investors’ reason for trading: it can be due to the arrival of new information, liquidity

constraints, portfolio rebalancing, etc.

Theorem 3:

If the wealth of investors is distributed according to the Pareto law with exponent

Wα , and the effect of each investor�s trade on the price is stochastically proportional

to the investor�s wealth, then the resulting return distribution (and price-change

distribution) are given by the Lévy distribution with an exponent WL α=α .

Proof:  See Appendix A.

Theorem 3 not only suggests an explanation for the Lévy distribution of

returns, but it also makes a surprising prediction: the exponent of the Lévy return

distribution, Lα , should be equal to the Pareto wealth distribution constant, Wα . This

prediction is surprising, because these two parameters are associated with different

research arenas, and seem to be a-priory unrelated. In the next section we test this

prediction empirically.
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5. Empirical Evidence

In this section we empirically estimate and compare Lα and Wα  for three

countries: the U.S., the U.K., and France.

5.1 Estimation of  αL

For the estimation of αL we follow the methodology used by Mantegna and

Stanley [1995]. They denote the density of the symmetric Lévy distribution eq.(12) at

0 by p0, and employ the relation below in order to estimate αL:

( )
( ) LL 1

L

L
0 t

1
)0(Lp α

γ
α ∆γπα

αΓ
=≡            (13)

where   Γ  is the Gamma function, ∆t is the horizon for which rates of return are being

calculated, and   γ   is the scale factor for ∆t = 1 (for proof of the relation (13) see

appendix B). Thus, the probability density at 0 decays as L1t α−∆ .  Mantegna and

Stanley estimate the density at 0, p0, for various  time intervals, ∆t.  In order to

estimate αL they run the regression:

( )[ ] [ ] iii0 tlogBAtplog ε+∆+=∆            (14)

and estimate αL  as 
B̂
1− .   We employ the same technique here.

Our data sets consists of:

S&P 500:  all 1,780,752 records of the index between 1990-1995, obtained from the

Chicago Mercantile Exchange.

FTSE 100: all 75,606 records of the index between January 1997 and August 1997,

obtained from the Futures Industry Institute.

CAC 40: all 234,501 records of the index in 1996, obtained from the Bourse de Paris.
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Following Mantegna and Stanley, for each of these series we estimate the

density p0 (∆t) by going over the entire data set and calculating the rates of return for

intervals of ∆t. We count the number of rates of return within the range

[−0.0001,0.0001] and divide this number by the total number of observations, in order

to get the probability of rate of return in this range18. Then we divide the result by the

size of the range, 0.0002, in order to get the probability density at 0, p0. We repeat this

procedure for different sampling time intervals ∆t. The values of p0 as a function of ∆t

are reported in Figures 4, 6, and 7. In order to obtain an estimate of αL we employ the

regression in eq.(14). For the S&P 500 we  obtain αL=1.37 (Figure 4). The standard

error of this estimation is 0.04, and the correlation coefficient is −0.987. This

estimated value that we find for αL is very close to the value of 1.40 reported by

Mantegna and Stanley [1995] for the  S&P 500, during the sample period 1984-89.

(Insert Figure 4 About Here)

In order to verify that the empirical rate of return distribution is indeed well

fitted well by the symmetric Lévy distribution with the estimated αL of 1.37, we

compare these two distributions in Figure 5. The empirical distribution is calculated

for 1-minute rates of return, and the plot is semi-logarithmic.19 Figure 5 shows an

excellent agreement between the empirical and theoretical distributions up to rates of

return in the order of 0.001 (or 0.1%), which are about six standard deviations away

from the mean20. For more extreme returns, the empirical distribution falls off from

                                                
 18Similar estimations of  αL are obtained for different choices of small ranges around 0.

 19The empirical distribution is estimated by a non-parametric density estimate with a Gaussian/ kernel
and the "normal reference rule," (see Scott [1992], p. 131).  

 20The standard deviation of the 1-minute rate of return distribution for the period 1990-1995 is
approximately 0.00016 or 0.016%.
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the Lévy distribution. This is the so-called truncation, which will be discussed

below21.

(Insert Figure 5 About Here)

For the FTSE 100 we find αL = 1.08 (Figure 6). The standard error of this

estimation is 0.03, the correlation coefficient is −0.996, and the t-value is −59.7. This

number is close to the αL value of 1.10 which is calculated from the 1993 FTSE 100

data reported by Abhyankar, Copeland, and Wong [1995].

For the CAC 40 we find αL = 1.82 (Figure 7). The standard error of this

estimation is 0.05, the correlation coefficient is −0.978, and the t-value is −35.9.

(Insert Figures 6 and 7 About Here)

5.2 Estimation of αw

Estimating the Pareto wealth distribution exponent αw requires data regarding

the "right-tail" of the distribution, i.e. data about the wealth of the wealthiest

individuals. The French almanac Quid provides wealth data on the top 162,370

individuals in France.   This  data is in  aggregate form, i.e. the numbers of individuals

with wealth exceeding certain wealth levels are reported. According to the Pareto Law

(eq. (1)), the number of individuals with wealth exceeding a certain level Wx should

be proportional to W
xW α− :

W

x

W

x

x
W W

)1(

W
x WNCdWWNCdW)W(fN)WW(N α−

∞
α+−

∞

∫∫ α
===>            (15)

where  N(W > Wx) is the number of individuals with wealth exceeding Wx, and N is

the total  number  of  individuals.   If the Pareto  distribution  is valid, one expects that

                                                
 21It is interesting to note the secondary peak of the empirical distribution at a rate of return of about
−0.001. A similar bimodal distribution was observed by Jackwerth and Rubinstein [1996]. We do not
have an explanation for this phenomenon in the framework of the present model.
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when plotting N(W > Wx) as a function of Wx on a double-logarithmic graph, the data

points should fall on a straight line with slope −αw. Figure 8 is a double logarithmic

plot of  N(W>Wx) as a function of Wx for the French data provided by Quid. This

figure shows an excellent agreement between the empirical wealth distribution and

the Pareto-law.  In order to estimate αw for France, we run the regression:

[ ] [ ] iixix WlogBA)WW(Nlog ε++=> .            (16)

The absolute value of the slope of the regression line, which is the estimate for αw is

1.83. (Standard error =0.03, correlation coefficient = −0.999 t-value =-59.5).

(Insert Figure 8 About Here)

For the U.S and the U.K. the available data regarding the wealthiest people is

more detailed but also more limited in scope. For these countries, lists with the

ranking and wealth of the several hundreds of wealthiest individuals are published.

We use the methods suggested by Levy and Solomon [1997] in order to estimate  αw

from these data. A Pareto law distribution of wealth with exponent αw implies the

following relation between the rank of an individual in the wealth hierarchy and her

wealth:

W

1

An)n(W α
−

= ,            (17)

where n is the rank (by wealth), and W is the wealth. The constant A is given by

W

1

W

NC
A

α
−






 α

= , where N is the total number of individuals in the population, and C is

the normalization constant from equation (1); (for a mathematical derivation of this

relation see Johnson and Kotz [1970]).
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For the U.S. we obtain data from the 1997 Forbes 400 list. Wealth as a

function of rank is plotted in double logarithmic form in Figure 9. Running the

regression:

[ ] iii ]nlog[BA)n(Wlog ε++=           (18)

we estimate the slope of the regression as −0.74. This is the estimation of −1/αw, and

it corresponds to an estimation of αw = 1.35 for the U.S. The standard error of this

estimation is 0.005. We would like to clarify that we do not assume that only the

wealthiest 400 individuals determine the S&P rate of return distribution. Rather, we

use the data that we are able to obtain in order to estimate the Pareto constant for the

entire upper wealth range. Our estimation of αw = 1.35 for the U.S., is close to the

estimate of  1.35 ≤ αw ≤ 1.42 which is obtained by the data provided by Wolff [1996]

regarding the percentage of wealth held by the top 1%, 5%, and 10% of the

population (see appendix C).

For the U.K. we obtain data from the Sunday Times Rich List 1997. The data

are plotted in Figure 10. We obtain a slope of  −0.94 which corresponds to a value of

1/0.94 = 1.06 for αw (standard error 0.004).

The summary of our empirical results appears in Table 1. This evidence shows

a striking agreement between the values of (the a-priory unrelated) αw and αL  for the

three countries investigated.

Table 1

Lα Wα

U.S. 1.37 ± 0.04 005.035.1 ±

U.K. 03.008.1 ± 004.006.1 ±

France 05.082.1 ± 030.083.1 ±



 27

(Insert Figures 9 and 10 About Here)

6. Concluding Remarks

The process of wealth accumulation by capital investment is stochastic and

multiplicative by nature. This paper shows that homogeneous stochastic processes

lead to a Pareto wealth distribution. Thus, the Pareto wealth distribution, and the

rather extreme inequality which it implies, is a fundamental and robust outcome of the

nature of the capital investment process. Non-homogeneous processes, in which

investors have differential investment abilities, lead to a wealth distribution which is

different than the Pareto distribution. Thus, the Pareto distribution implies that

chance, rather than differential investment ability, is the main source of inequality at

the high-wealth range.

The Pareto distribution is closely related to market efficiency. A precise Pareto

distribution implies market efficiency. In practice, some degree of market inefficiency

can be consistent with the Pareto distribution, in the sense that the resultidistribution

cannot be statistically rejected. However, the Pareto distribution does impose a rather

tight upper-bound on market inefficiency. The closer the wealth distribution to the

Pareto distribution, the smaller the tolerable level of market efficiency.

The Pareto wealth distribution can also explain the (truncated) Lévy

distribution of short-term returns, a phenomenon which has puzzled researchers for

many years. Our theoretical analysis links between two different research arenas: the

distribution of wealth, which is a central issue in economics, and the distribution of

stock returns, which plays an important role in finance. The analysis leads to a

surprising prediction: the Pareto exponent Wα should be equal to Lα , the exponent of

the Levy return distribution. Empirical evidence from the U.S., the U.K. and France

reveals a striking agreement between these a-priori unrelated parameters (U.S.: αL =

1.37, αw = 1.35; U.K.: αL = 1.08, αw=1.06; France: αL = 1.82, αw = 1.83).
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Appendix A: Proof of Theorem 3

Theorem 3:

If the wealth of investors is distributed according to the Pareto law with exponent

Wα ,  and the effect of each investor�s trade on the price is stochastically proportional

to the investor�s wealth, then the resulting price-change (and return) distribution is

given by the Lévy distribution with an exponent WL α=α .

Proof:

Suppose a single investor is drawn at random to trade with a market maker, and that

the effect of the investor on the price is (stochastically) proportional to the investor’s

wealth. We first prove that in this case a Pareto wealth distribution leads to a Lévy

price-change distribution. Then this result is extended to the return distribution, and to

the case of a stochastic number of investors trading at each period.

Let us denote the single-trade price change at period t as zt. zt is given by:

ttt W~q~z~ = ,            (19)

where tW~  is the wealth of the investor randomly chosen to trade at time t, and tq~  is a

stochastic proportionality factor which is uncorrelated with tW~ , and which is

distributed according to some probability density function h( q~ ). In what follows we

derive the distribution for single-trade price changes, and the price change distribution

which results from a larger number of trades.

When analyzing the probability of single-trade price changes it is convenient

to separate the discussion to the case of positive price changes (z>0), and negative

price changes (z<0). The probability of obtaining a positive single-trade price change

which is smaller or equal to a certain value z (z>0) is given by:
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∫
∞

∞−






= dq

q
zF)q(h)z(G , for z>0                      (20)

where G(z) and 





q
zF  are the cumulative distributions of z~ and W~ respectively.

Thus, the density function of z is given by:

∫
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= dq

q
1

q
zf)q(h)z(g , for z>0.            (21)

Since we are dealing with the case z>0, and since the Pareto density function f(W) is

non-zero only for W > W0, the contribution to the integral in eq.(21) is only for values

of q such that 
q
z  > W0 . Thus, the contribution is non-zero only for 

0W
zq0 <<   (if

q<0 then 
q
z <0 and 0

q
zf =





 ;  if q>

0W
z  then  

q
z < W0 and again 0

q
zf =





). Hence,

eq.(21) can be written as:

∫ 
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z

0

dq
q
1

q
zf)q(h)z(g , for z>0.            (22)

Similarly, for negative price changes (z<0) we obtain22:

∫
−







=

0

W
z

0

dq
q
1

q
zf)q(h)z(g , for z<0.            (23)

Combining equations (22) and (23), and employing the Pareto wealth distribution

(eq.(1)) for f, we obtain:

                                                

 22For z<0 we have ∫
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the only non-zero contribution to the integral is for values of q in the range 0q
W

z

0

<< .
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The     important    property    of  g(z)  is    that  it   is    asymptotically    Paretian.

Namely,

as ∞→z   g(z) )1(
1

WzD α+−→ ,            and as −∞→z   g(z) )1(
2

WzD α+−→  ,

where D1 and D2 are  given by:

         dq
q
1)q(hCD

W

0
1
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∫ 





= ,  dq

q
1)q(hCD

W0

2

α−

∞−
∫ 





−= .

(Asymptotically Paretian distributions are distributions that have power-law “tails”,

see, for example, Fama [1963a] p. 423).

 Thus, the single-trade price change distribution generated by a market in

which investors’ wealth is distributed according to the Pareto law with exponent Wα

is asymptotically Paretian with the same exponent Wα . The price change after n

single trades is simply the sum of these single-trade price changes. The

Doblin-Gnedenko result states that the sum of many i.i.d random variables which are

asymptotically paretian with some exponent α  converges to a Lévy distribution with

characteristic exponent α  (Gnedenko and Kolmogorov [1954], Fama [1963], Feller

[1971]). Thus, the distribution of the total price change, which is the sum of many

single-trade price changes, converges to the Lévy distribution. Moreover, since the

single-trade price changes are asymptotically Paretian with the same exponent as the

Pareto-law wealth exponent Wα , by the Doblin-Gnedenko result the price-change

Lévy distribution will be characterized by the same exponent, i.e. WL α=α .   Q.E.D.
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Similar considerations to those discussed in Theorem 3 lead to a Lévy

distribution with WL α=α for rates of return and for log-returns as well for price

changes. If the price remains at a fairly constant level during the sample period, it is

straightforward that a Lévy price-change distribution implies a Lévy rate of return

distribution: since the rate of return is just the price change divided by the price, if the

price level is fairly constant, the rate of return is just the price change divided by an

(almost) constant number, and therefore if price changes are distributed according to

the Lévy distribution, so are rates of return. This result can also be extended to the

case where the price does change considerably over the sample period, if one also

takes into account the effect of the price level on the average wealth.

Extension: Variable Trading Frequency

In the preceding Theorem 3 we have assumed that at time period t only one

investor is chosen to trade with the market-maker. This assumption can be relaxed to

allow for a stochastic number of investors to trade at each time period. The stochastic

price change due to the effect of a single trade is given by:

Wq~z~ =

In Theorem 3 it was shown that g(z), the probability density function of z,  is

asymptotically Paretian with exponent αw.  Let us denote the sum of m i.i.d. random

variables z by Sm: Sm ≡ z1 + z2 +…+ zm. Notice that because the z's are asymptotically

Paretian with exponent αw,  so is their sum Sm (Gnedenko and Kolmogorov [1954]).

Let us denote the density function of Sm by km. The number of trades taking place at a

given time period is a discrete random variable which we denote by m~ :
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The probability density function of an aggregate price change zt at time period t is

given by:

∑
∞

=

π=
1m

tmmt )z(k)z(g            (26)

where m is the number of trades, km(zt) is the density function of Sm at zt,  and the

summation is over all possible numbers of trades in a single time period. As the km's

are asymptotically Paretian distributions with an exponent αw, so is g(zt), their

weighted average. (To see this note that if )1(
titi

Wzd)z(k α+−→  as ∞→tz , and

)1(
tjtj

Wzd)z(k α+−→  as ∞→tz , then )1(
tjjiitjjtii

Wz)dd()z(k)z(k α+−π+π→π+π

as ∞→tz , which implies that the weighted average is also asymptotically Paretian).

As the zt's have been shown to be asymptotically Paretian with exponent αw even if

the number of trades per period is stochastic, according to the Doblin-Gnedenko

result, for a large number of trades, the price-change distribution converges to the

Lévy distribution with the same exponent αw, which is the Pareto constant of the

wealth distribution. Thus, the result of the  model is robust to a stochastic  number of

trades at each time period.
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Appendix B: Derivation of the Lévy Probability Density Function at 0  

Denote the value of the Lévy p.d.f  at 0 by p0.

Lemma:

( )
( ) LL 1

L

L
0 t

1
)0(Lp α

γ
α ∆γπα

αΓ
=≡           (27)

Proof:

From the definition of  γ
αLL (x)  in equation (12):
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Define a new variable Lqtu α∆γ=  , and note that ( ) duutdq
11

1
1

L
L
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Substituting in equation (28) we obtain:
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Recalling that the integral is the definition of 






α
Γ

L
1  we have:
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)0(L α
γ
α ∆γπα

αΓ
= .           (30)
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 Appendix C: Alternative Estimate of the Pareto Constant  αw for the U.S.

Wolff's [1996] findings regarding the holdings of the top 1%, top 5%, and top

10% of the U.S. population in 1992 are reported in Table II below:

Table 2

k Pk
1% 37.2%
5% 60.0%
10% 71.8%

In this table  Pk denotes the percentage of total wealth held by the top k percent

of the population. A Praeto-law wealth distribution with exponent αw implies

the following relationship for any two k's:

W

2

1

11

2

1

k

k

k
k

P
P α

−







=           (31)

(See proof below). Employing this relationship we can estimate αw for the U.S.

by using the data in Table II. By comparing the holdings of the top 1% with the

holdings of the top 5% we obtain:

W

11

05.0
01.0

600.0
372.0 α

−






=

which yields αw = 1.42. A similar comparison of the holdings of the top 1%

with the holdings of the top 10% yields αw = 1.42. Comparing the holdings of

the top 5% with the holdings of the top 10% yields αw = 1.35.
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Lemma:

A Praeto-law wealth distribution with exponent αw implies the following

relationship for any two k's:

W
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1

11

2

1

k

k

k
k

P
P α

−







= .

Proof:

Assuming the Pareto-law (eq.(1)), the number of individuals with wealth

exceeding W is given by:

∫ ∫
∞

α−
∞

α+−

α
===

W WW

)1( WW WNCxNCdx)x(fN)W(n ,           (32)

where N is the total number of individuals. This number of individuals

corresponds to a proportion W
k

W

WC
N

)W(nk α−

α
== of the population. The

above result can be restated in the following way: the wealth of the poorest

individual in the top k% of the population is given by:
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W
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k
W

α
−






 α

= ,           (33)

(where k is expressed as a proportion, i.e. 1k0 ≤≤ ). The aggregate wealth held

by the top k% of the population is given by:

          (34)
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where the last equality is obtained by substituting Wk from equation (33).
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The percentage of wealth held by the top k% of the population is:

)11()11(
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where Wtotal is the total wealth of all the population. Comparing the percentage

of  wealth held by the top k1% of the population, with the percentage of wealth

held by the top  k2% of the population, we obtain:
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k

k
k

P
P α
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=           (36)

Note: In the above proof we have assumed that the Pareto wealth distribution

holds for all wealth levels. However, it is straightforward to show that the

above result is also valid if one assumes a Pareto distribution in the high wealth

range but a different wealth distribution in the low wealth range (as long as the

k's are in the high wealth range, in which the Pareto wealth distribution holds).
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