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Geometric versus arithmetic random walk
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Abstract

The asymptotic behavior of the empirical means and variances for the geometric and arithmetic
random walks are studied, when the underlying random walk is trended. Thus the effect of
misspecifications can be described, and two tests are proposed. The first test uses a classical
approach in model selection and is based on the comparison of estimated quasi likelihoods.
The second one is obtained by estimating some nuisance parameters in a Neyman-Pearson test.
Some bounds for the power functions are given, which suggest that the second test may be very
powerful and better than the first one. (¢) 1998 Elsevier Science B.V. All rights reserved.

Résumé

Le comportement asymptotique des moyennes et variances empiriques dans le cas de marches
aléatoires géométriques et arithmétiques est obtenu, lorsque la marche aléatoire sous-jacente
a une tendance. En conséquence, I'effet d’une mauvaise spécification peut étre analysé, et deux
tests sont proposés. Le premier test est d’inspiration classique en sélection de modéles, et est
basé sur la comparaison des vraisemblances estimées. Le second test s’obtient en estimant des
parameétres de nuisance dans un test de Neyman—Pearson. On donne des bornes pour la puissance
qui suggerent que le second test peut étre trés puissant, et est meilleur que le premier. ©) 1998
Elsevier Science B.V. All rights reserved.
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1. Introduction

The need of nonlinear models in time-series analysis has been early recognized
among applied statisticians. One of the first statistical nonlinear model can be found
in the seminal book of Box and Jenkins (1970), where it is proposed to apply the
popular Box—Cox transformation to linear time series. It is widely accepted that many
nonstationary time series are not linear, and Box and Jenkins (1970) have proposed to
transform the data before fitting an ARMA model (say) to the increments.

In many cases, the power parameter of the transformation is unknown and must be
estimated. The literature dealing with the Box—Cox transformation under the so-called
i.i.d. assumption is enormous, and have been surveyed in, for instance, Sakia (1992).
This transformation has been applied in many fields, from macroeconomic modelling
to biometrics studies.

In the context of time series, the model of interest is

(X)) — h(X— )=+,

X, =0 for £<0, where u is a real number, {#,},c7 a centered stationary process, and
{h;()},cr a family of power transformations. For instance, the popular Box—Cox trans-
formation (see Box and Cox, 1964) is given by h;(x)=(x* — 1)/, +#0, h;(x)=Inx
for A=0, but various transformations has been used in the literature (see Sakia, 1992).
In general, the family of transformations is chosen in order to nest the logarithmic
transformation (4 = 0) and identity (4 =1). Assuming that the function 4, is invertible,
we get that

!
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Thus, the model is nonlinear because of the function h;'. The nonlinear structure of
this model is theoretically simple to handle, since it is given by the power parameter /.
If {n:}:cz is a linear process, considering A;(X;) yields a integrated linear one. Hence,
the nonlinearity (and thus its conditional heteroscedasticity) of the process is easily
taken into account by a simple transformation of the variables. Moreover, the incre-
ments {Ah;(X;)},»0 are a linear stationary process.

This model has been widely used in the statistical literature: see classical books in
time series as Box and Jenkins (1970), Brockwell and Davis (1987), the discussion
following Chatfield and Prothero (1973a), the answer of the authors (Chatfield and
Prothero, 1973b). Ansley et al. (1977) propose an algorithm for computing the max-
imum likelihood estimator. Forecasting models involving a power transformation has
been widely investigated, see among others Granger and Newbold (1976), Hopwood
et al. (1984), and Nelson and Granger (1979), for an empirical study. Guerrero (1993)
provides some interesting ideas for identifying the unknown degrees of the underlying
ARMA process and estimating this model. Burridge and Guerre (1996) have proposed
a simple procedure to test if a process is a monotonous transformation of a random
walk. Granger and Hallman (1991) consider various kind of nonlinear transformations.






